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Motivation

• Given a distribution 𝜇: 2 𝑛 → ℝ≥0

• Task: efficiently sample set 𝑆 ⊆ [𝑛] according to 𝜇

• Question: what can properties of the generating polynomial

𝑔𝜇 𝑧 ≔ σ𝑆 𝜇 𝑆 𝑧𝑆

inform us about sampling?



A fuzzy roadmap
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Background on HDX

• Simplicial complex:

• Pure simplicial complex:



Background on HDX

• Weights on faces:



Background on HDX

• Links and walks on links:



Background on HDX

• 𝛼-expander:

• (𝛼0, 𝛼1, … , 𝛼𝑑−2)-expander:



Down-up walk

• 𝑘 ↔ 𝑙 down-up walk:
• Start with S0 ∈ 𝑋 of size 𝑘

• Repeat:
• Choose uniformly random 𝑇𝑖+1 ⊂ 𝑆𝑖 of size 𝑙

• Choose 𝑆𝑖+1 ⊃ 𝑇𝑖+1 of size 𝑘, according to 𝑤(𝑆)

• [Opp18] Down-up walks on HDX mix quickly

• This is the sampling algorithm that we’ll analyze in this talk



Examples

• Matroids

• Expander graphs

• Matchings
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Correlation/Influence matrix



Spectral independence



Why spectral independence is good

[AL20], [ALO20]

Spectral independence

⇒ bound on 𝜆2 of down-up walk

⇒ fast mixing!
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What is a sector-stable polynomial?

• Stable: no roots in upper half space

• Hurwitz stable: no roots in right half space

• Sector stable: no roots in Γ𝛼
𝑛



Why do we care?

• Because of this main theorem:

• “Sector stability implies spectral independence”



Proof

• Step 1: rewrite the row sum as 𝜙′ 0



Proof

• Step 2: recall Schwarz’s lemma



Proof

• Step 3: construct a map ෨𝜙 from 𝐷 to 𝐷



Proof

• Step 4: analyze the map ෨𝜙



Proof

• Step 5: obtain bound on 𝜙′(0)



** The complete framework **

• Given distribution 𝜇: 2 𝑛 → ℝ≥0

• Algorithm: natural 𝑘 ↔ 𝑙 down-up walk for 𝑘 − 𝑙 = 𝑂(1)

• Analysis:
• Show that 𝑔𝜇 𝑧 ≔ σ𝑆 𝜇 𝑆 𝑧𝑆 (and conditionals) is Γ𝛼-stable

• Sector-stability implies spectral independence

• Spectral independence implies fast mixing of 𝑘 ↔ 𝑙 down-up walk
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Application: 𝑘-planar matchings

• Given a planar graph

• Want to sample size-𝑘 matchings uniformly at random

• [FKT] Counting perfect matchings in planar graphs is in #P ☺

• [Jer87] Counting size-𝑘 matchings is #P-hard 



Idea: sample “monomers” first

• Sample vertex set 𝑆 ⊆ 𝑉 of size 2𝑘

• Want:
• Perfect matching on S

• No edge incident to vertices in V\𝑆

• Corresponding generating polynomial is

𝑔 𝑧 ≔ σ 𝑆 =2𝑘𝑚𝑆𝑧
𝑆

• This polynomial (and conditionals) are Γ1/2-stable!



Γ1/2-stability of the 𝑘-matching polynomial 

Here’s the strategy -

• Step 1: the (modified) matching polynomial

𝑔0 𝑧 ≔ σ𝑀:𝑚𝑎𝑡𝑐ℎ𝑖𝑛𝑔 𝑧
𝑀 = σ𝑆𝑚𝑆𝑧

𝑠

is Hurwitz (Γ1-) stable

• Step 2: imposing cardinality constraint on Γ1-stable, constant 
partiy polynomial makes it Γ1/2-stable



Proof



Proof



Proof



Proof



Conclusion: a not-so-fuzzy roadmap
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Fractional log-concavity

• Definition:

• Relation to sector stability:

(Proof strategy: relate fractional log-concavity to bound on 𝜆𝑚𝑎𝑥 of 
correlation matrix)



Sector stability and Newton polytope



A Conjecture



Related questions

• Characterize the support of sector-stable/fractionally log-concave 
polynomials

• Γ𝛼-stable polynomials are 
𝛼

2
-fractionally log-concave. Is there a 

reverse implication?



End


