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Motivation

» Given a distribution u: 2™ — R-g
* Task: efficiently sample set S € [n] according to u

* Question: what can properties of the generating polynomial

gu(2) = Xsu(S)z>
inform us about sampling?



A fuzzy roadmap
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Background on HDX

 Simplicial complex:
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Background on HDX

* Weights on faces:
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Background on HDX

e Links and walks on links:
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Background on HDX

* a-expander:
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Down-up walk

\< 7&
* k & [ down-up walk:
e Start with Sy € X of size k
* Repeat:

* Choose uniformly random T;,; € S; of sizel  (dvoum)
* Choose S;;1 D T;,; of size k, according to w(S) ("‘P)

ko
* [Opp18] Down-up walks on HDX mix quickly
* This is the sampling algorithm that we’ll analyze in this talk
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Correlation/Influence matrix
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Spectral independence
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Why spectral independence is good

|AL20], [ALO20]
Spectral independence (s anh © (PaiTone § )

= bound on 4, of down-up walk

= fast mixing!
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What is a sector-stable polynomial?

 Stable: no roots in upper half space
* Hurwitz stable: no roots in right half space
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* Sector stable: no roots in I'}}

(—h4)

[/ng,\,...) 2n) | \(\f‘r%&%'\)\<o’q-—i | = g"(:z;“wlz,st):o:&

> Nurutks Godaltyy = - RN

A




Why do we care?

~

 Because of this main theorem:

Theorem 50. Consider a multi-affine f € R-q [al, -, zn| polynomial that is T y-stable with a < 1. Let u : p] L

inf

R..q be the distribution generated by f, then ¥ w and Y37 have bounded row norms. Specifically,

Z ¥ G, <2/a—1, &

and

Z|‘FW ) <2/

As a corollary, the same bounds hold for maximum eigenvalues, i.e. )Lm“{‘me} <2/a—1and Amu{‘P*”"} < 2/a.

“Sector stability implies spectral independence”
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* Step 1: rewrite the row sum as ¢’ (0)
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Proof

 Step 2: recall Schwarz’'s lemma
¢ D—0 (d=ims<t))
cx. P S helemerphe, PK) =90 .
Tha, [PEI L2\
= |flad| £

W e Yo W‘d\‘g‘) O e
G\’?“ Cpmuarr & lewnma






Proof 1

e Step 4: analyze the map ¢
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Proof

* Step 5: obtain bound on ¢'(0)
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** The complete framework **

» Given distribution p: 2! - R,
 Algorithm: natural k < [ down-up walk for k — [ = 0(1)
* Analysis:

* Show that g, (z) = Y.gu(S) z° (and conditionals) is [, -stable

» Sector-stability implies spectral independence
* Spectral independence implies fast mixing of k <> [ down-up walk
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Application: k-planar matchings

* Given a planar graph
* Want to sample size-k matchings uniformly at random

 [FKT] Counting perfect matchings in planar graphs is in #P ©
* [Jer87] Counting size-k matchings is #P-hard ®



[dea: sample “monomers” first

e Sample vertex set S € IV of size 2k

e Want:

* Perfect matching on S
* No edge incident to vertices in V\S

* Corresponding generating polynomial is
9(z) = Xis|=2k MsZ

* This polynomial (and conditionals) are I} /,-stable!

S



[ /o-stability of the k-matching polynomial

Here's the strategy -
* Step 1: the (modified) matching polynomial
go(2) = ZM:matching zM = dsMmsz®
is Hurwitz (I;-) stable

* Step 2: imposing cardinality constraint on [} -stable, constant

partiy polynomial makes it T; j,-stable | | (.o watt s \
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Conclusion: a not-so-fuzzy roadmap
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+- Fractional log-concavity

% € \\220(‘%:\
* Definition:  fec 3@, | \ﬁ@ Y 2?‘7)) o n e

* Relation to sector stability:

Lemma 67. For &« € [0,1/2], if polynomial f € R-g[zq,---,z,] is I'y,-sector-stable then f is a fractionally
log-concave.

(Proof strategy: relate fractional log-concavity to bound on 4,,,,, of
correlation matrix)



Sector stability and Newton polytope

Lemma 66. Let u : 2"l — R be a Ty y-sector-stable distribution, then the length of edges of ﬁewt{y] is at most
2k.

nety) €)' c;va %NRQ\Q\S



A Conjecture

Remark 77. In Lemma 66, we show the convex hull of the support of a I',-sector stable polynomial has edge
length bounded by O(1/a). We can show a similar result for a-fractionally log-concave polynomial. We
leave the problem of characterizing the support of a-fractionally log-concave polynomial to future work.

Conjecture 22. Suppose that u is the uniform distribution on a subset of the hypercube F C {0,1}", such that the
convex hull conv (F) has edges of bounded length O(1). Then we conjecture that the polynomial

> u(S)] ]z

5¢F 1€S

is fractionally log-concave for a parameter & > ()(1).



Related questions

* Characterize the support of sector-stable/fractionally log-concave
polynomials

* [,-stable polynomials are %—fractionally log-concave. Is there a
reverse implication?
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