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Mason’s conjectures

• These are three statements of increasing strength:



Tutte Polynomial

• Given 𝑀: matroid on [𝑛], 𝑟𝑘𝑀: 2
𝑛 → ℕ its rank function

• Consider the polynomial in 𝐻𝑛
𝑘

𝑍𝑞,𝑀
𝑘 𝑤 = ෍

𝐴∈ 𝑛
𝑘

𝑞−𝑟𝑘𝑀 𝐴 𝑤𝐴

• Define the homogeneous multivariate Tutte polynomial of 𝑀 by

𝑍𝑞,𝑀 𝑤0, 𝑤 = ෍

𝑘=0

𝑛

𝑍𝑞,𝑀
𝑘 𝑤 𝑤0

𝑛−𝑘



How it relates to ULC of 𝐼𝑘(𝑀)

• 𝑍𝑞,𝑀
𝑘 𝑤 = σ

𝐴∈ 𝑛
𝑘
𝑞−𝑟𝑘𝑀 𝐴 𝑤𝐴

• 𝑍𝑞,𝑀 𝑤0, 𝑤 = σ𝑘=0
𝑛 𝑍𝑞,𝑀

𝑘 𝑤 𝑤0
𝑛−𝑘

• Want to “kill” dependent sets, those with 𝑟𝑘𝑀 𝐴 < |𝐴|

• Diagonalize and use property of bivariate Lorentzian polynomials



Main Theorem
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Wrapping up the proof

• 𝐴 ⊆ [𝑛] is dependent iff 𝑟𝑘𝑀 𝐴 < |𝐴|

• Key is to consider the polynomial 𝑓𝑀 𝑤0, 𝑤 = lim
𝑞→0+

𝑍𝑞,𝑀(𝑤0, 𝑞𝑤)

• Setting 𝑤1 = 𝑤2 = ⋯ = 𝑤𝑛 = 𝑧, we end up with a bivariate 
Lorentzian polynomial 𝑔𝑀 𝑤0, 𝑧 = σ𝑘=0

𝑛 𝐼𝑘(𝑀) 𝑧
𝑘𝑤0

𝑛−𝑘

• Coefficient sequence is ULC, so done :)
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Motivation

• Showing that certain polynomials are Lorentzian

• Creating new Lorentzian polynomials from existing ones



What we already know…



Homogeneous operator and its symbol

• Let 𝑇:ℝ𝜅 𝑤𝑖 → ℝ𝛾[𝑤𝑖] be a linear operator

• It is homogeneous of degree l if it maps any monomial of degree 𝑑
to zero or to a monomial of degree 𝑑 + 𝑙

• The symbol of 𝑇 is defined as

𝑠𝑦𝑚𝑇 𝑤, 𝑢 ≔ ෍

0≤𝛼≤𝜅

𝜅

𝛼
𝑇 𝑤𝛼 𝑢𝜅−𝛼



Main theorems of the day



More stable polynomial facts

• Given stable 𝑓, 𝑔 ∈ ℝ 𝑤1, … , 𝑤𝑛
• Write 𝑓 ≺ 𝑔 if 𝑔 + 𝑤𝑛+1 𝑓 is stable



Proof of Theorem 3.2

• Prove a special case first:
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Proof of Theorem 3.4

• Let’s invoke a blackbox:



Consequence #1

• If 𝑓 ∈ 𝐿𝑛
𝑑 , then 𝑀𝐴𝑃 𝑓 ∈ 𝐿𝑛

𝑑



Consequence #2

• The normalization of 𝑓 ∈ 𝐿𝑛
𝑑 (denoted by 𝑁(𝑓)) is again Lorentzian



Consequence #3

• If 𝑁(𝑓) and 𝑁(𝑔) are Lorentzian then so is 𝑁(𝑓𝑔)



Wrapping it all up…


