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* Preservers of Lorentzian polynomials



Agenda

* Proof of Mason’s conjecture



Mason'’s conjectures

* These are three statements of increasing strength:

Conjecture 4.13. For any matroid M on [n| and any positive integer £,
(1) I.(M)? = I, (M) .1 (M),

(2) I.(M)? = i_h—lf;c_l[_I'h-‘Ij:I;c_li_Tﬁ.-'Ij:._

(3) In(M)? = ELnbilp (M), (M),

where [;.(M) is the number of k-element independent sets of M.



Tutte Polynomial

» Given M: matroid on [n], rky;: 2" - N its rank function
» Consider the polynomial in H¥

Zgu(w) = z qTm Dy 4
A&(y)

* Define the homogeneous multivariate Tutte polynomial of M by

n
Zau(Wo,w) = ) 2y (w) wi ™
k=0



How it relates to ULC of I}, (M)

* ZCI]C,M (W) — ZAE(TID q_rkM(A)WA

* ZgmWo, W) = Xk—o Zg,M(W) wak

« Want to “kill” dependent sets, those with rk,,(4) < |A]|

* Diagonalize and use property of bivariate Lorentzian polynomials



Main Theorem

Theorem 4.10. For any matroid M and 0 < g < 1, the polynomial Z, y; is Lorentzian.



Lemma 4.11. The support of Z, y1 is M-convex forall 0 < g < 1.
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WhltebOard . Zg,M(W) = ZAe(") q—rkM(A)WA
* Zam(Wo,w) = Zgu(w) wg™
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» ZgyWw) = ZAE(Z) q km(@y A

Whiteboard  Zo(Worw) = BP0 ZK 1 (w) wiF
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* Zg,M(W) = ZAE(TID q_rkM(A)WA
WhltebOard * ZagmWo,w) = Xi_0Z8 (W) wg"
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» ZgyWw) = ZAE(Z) q kM Ay A

Wrapping up the proof  ZamWo,w) = Ti_o ZE g (W) Wi

* A C [n] is dependent iff rk,,(A) < |A]|
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* Key is to consider the polynomial fy, (wo, w) = lim Z, (W, qw)

- = > \AA> w ok

k-o Ael)
e Setting w; = w, = --- = w,, = z, we end up with a bivariate

Lorentzian polynomial gy, (Wg, z) = Yn_o I, (M) zkwdF
\mTo«c@&-:s;

* Coefficient sequence is ULC, so done :)



Agenda

* Preservers of Lorentzian polynomials



Motivation

* Showing that certain polynomials are Lorentzian
* Creating new Lorentzian polynomials from existing ones



What we already know...
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Homogeneous operator and its symbol

* Let T: R, [w;] = R, [w;] be alinear operator
C»V\S:d:r Yab-yv\w*ﬁk Whette Wwounowa e uo% %@‘\’LS&—»’ DSF‘TY'\.

* It is homogeneous of degree I if it maps any monomial of degree d
to zero or to a monomial of degree d + [

* The symbol of T is defined as
K
symp(w,u) = 2 (a) T(w*)yk—«

0<a<k



Main theorems of the day
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Theorem 3.2. If sym . € LEE and feLd R..|w;]|, then T( f) e L4~

Theorem 3.4. If T is a homogeneous linear operator that preserves stable polynomials and poly-
nomials with nonnegative coefficients, then T" preserves Lorentzian polynomials.



More stable polynomial facts

* Given stable f, g € R|wy, ..., w,]
 Write f < gifg + w,, f is stable

Y n (erid-f R ST
Lemma 2.9. Let f, g1, 92, h1, ho be stable polynomials satisfying h; < f < g and hy < f < go.

— (1) The derivative ¢, f is stable and ¢, f = f.
(2) The diagonalization f(w;,wy,ws,...,w,) is stable.
(3) The dilation f{aiw1,...,anw,) is stable for any a € R,

—» (4) If f is not identically zero, then f < #,g, + 29> for any 6,65 = 0.
(5) If f is not identically zero, then 8,y + #3hy < f for any 6,6, = 0.



Theorem 3.2. If sym. € LEE and fe L2 R, |w;], then T( f) € L%

Proof of Theorem 3.2

* Prove a special case first:
n M
Lemma3.3. LetT =T, o, : ]R[lp_”lﬂwij — Ry 1)|w;:] be the linear operator defined by

" w! ifleSand?2¢e S,
w3l fleSand2¢ S,
w32 ifl¢ Sand2€ S,

0 ifléSand2¢ S,

T(w) = { for all S < [n].

w

Then T preserves the Lorentzian property. ST -A’—fg 1y
OV N S Y ((/\I) A

— — A .
S\QYMT(V\)\):) = AZC("‘\ \(\A ) v A A‘Qis‘...,vé v 1 , Ur_\n]-[\ 7 3' i
0 (gt oo TSR -7)

0L LY

=N (ICIISEINY



Theorem 3.2. If sym, € LEE and fe L2 R, |w;], then T( f) € L%
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Theorem 3.2. If sym, € LEE and fe L2 R, |w;], then T( f) € L%

Whiteboard

N < UKL vasas e
T - R Dot — Rl

Po\ AT Sy X\ LA A,

NN o -t

W, - Wn = <°¢3 ‘ }5\ Qm—@
\/\'\\/--'l\’o.“‘ .
?W‘QU\WV\ V \%K[“ \\‘k \'%Ktw
\
. (W
\A\‘\/’

N T-= \ ,,To\ %
e . . ) = Sumbol X grlasTieh goty
Ken oo™y P"‘\““”“ X Sydel =Sy ¥

\(g( g\AV\'\ T - 4‘3“"7\"’1 .



Theorem 3.2. If sym, € LEE and fe L2 R, |w;], then T( f) € L%
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Theorem 3.4. If T'is a homogeneous linear operator that preserves stable polynomials and poly-
nomials with nonnegative coefficients, then T" preserves Lorentzian polynomials.

Proof of Theorem 3.4

e Let's invoke a blackbox:

Proof. According to [BB09, Theorem 2.2], T" preserves stable polynomials if and only if either

(I) the rank of T is not greater than two and T is of the form

T(f) = a(f)P + B)Q,
where o, 3 are linear functionals and P, () are stable polynomials satisfying P < @),
(II) the polynomial sym.(w, u) is stable, or

(IlT) the polynomial sym..(w, —u) is stable.



Consequence #1

 If f € L%, then MAP(f) € LY



Consequence #2

» The normalization of f € L% (denoted by N(f)) is again Lorentzian

Loses W= 3 F[W



Consequence #3

* If N(f) and N(g) are Lorentzian then sois N(fg)

NOAY = N



Wrapping it all up...
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