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Recall

Last time, we have:

* Defined Lorentzian polynomial, and discussed different ways to
define /understand the polynomial class

* Discussed its relations with other polynomial classes
* Briefly talked about the discrete side of things - via M-convexity
* Introduced a key property (Hodge-Riemann relation) of Hy

Today we will talk about more advanced topics :)
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Today’s menu

* c-Rayleigh property

* Generating polynomial of M-convex sets
* CLC & Lorentzian

* Proof of Mason’s conjecture



Agenda

* c-Rayleigh property



What is c-Rayleigh?

° Letf € R[Wlﬁ---'Wn] o ?iiGSJQGSSiC-P[‘I‘.eSl-PC'&C‘Sl
* coefficients nonnegative

| c .9 0 ) €D, gL - G es)
* not necessarily homogeneous 3(\& ‘)% R _ X

e

* Given ¢ > 0, f is c-Rayleigh if

P i) et efiown) < ¢ fRefin) -efon

=l

forany a € N, i,j € [n],w € RZ,

* In other words, 0¢f has some sort of negative dependence



Main goals

* Prove a relation between c-Rayleigh and M-convex

Theorem 2.23. If f is homogeneous and c-Rayleigh, then the support of f is M-convex.

* Prove relations between c-Rayleigh and Lorentzian

Proposition 2.19. Any polynomial in L is 2(1 — é)—Rayleigh.

Proposition 2.24. Whenn < 2, all polynomials in L4 are 1-Rayleigh. When n = 3, we have

all polynomials in L4 are c-Rayleigh | == ¢ = 2(1 — e .
d

In other words, for any n = 3 and any ¢ < 2(1 — é) there is f « L4 that is not c-Rayleigh.



Preservers of c-Rayleigh polynomials
,yag ) »Du-»z.\te-a% < . e - & &

~N

Lemma 2.20. The following polynomials are c-Rayleigh whenever f is c-Rayleigh:
(1) The contraction c; f of f.
(2) The deletion f'iof f, the polynomial obtained from f by evaluating w; = 0.

—p (3) The diagonalization

(4) The dilation f(ayun,...,a,wy,), for (ay,...,a,) € R,

(5) The translation f(a, + wq, ..., an, + wy), for (ay,...,a,) € R%;.

= -g(&,w\ VAR a,,u»)

~a
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M -convexity

* Recall M-convexity:

Forany a,8 € Jand i € [n]s.t. a; > [;, there exists j € [n] s.t.
aj <pjanda —e; +e €]

. ]lq C N™ is said to be M"-convex if “ﬁis obtained from an M-convex
J € N1 by deleting one coordinate”
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>

£ €70 €10, 00



Key lemma

Lemma 2.22. Let f be a e-Rayleigh polynomial in Efw,, ... w,]|.

(1) The support of [ is interval convex.

(2) If f(0) is nonzero, then supp( f) is M°-convex.

* Interval convex: If a,f € Janda <y < ,theny €]
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Lemma 2.22. Let f be a c-Rayleigh polynomial in E[wy, ...,

(1) The support of f is interval convex.

Wh iteb O ard (2) If f(0) is nonzero, then supp( f) is M°-convex.
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Lemma 2.22. Let f be a c-Rayleigh polynomial in E|u,

(1) The support of f is interval convex.

Wh iteb O ard (2) If f(0) is nonzero, then supp( f) is M°-convex.

A &‘\/0)#0 (‘S)esvsﬁt('\\ =) 3V?T(‘g) YS$ M - onvea
n .
Lemma (L2l 1 potenvtl owke | 0 €3 - Thon T T M- Gven L4
\__/ > ) ] s
3 Sc.:‘ﬁs-(-lu’i\w au%w.?kmh\n ?wm ,
(9 GCV\
d,%ej , \a\1< &\, thoun W o BN A T

ey S B aN A6

-----



Lemma 2.22. Let f be a c-Rayleigh polynomial in B|wy, ..., w,]|.

(1) The support of f is interval convex.

Wh iteb O ard (2) If f(0) is nonzero, then supp( f) is M°-convex.
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Theorem 2.23. If f is homogeneous and c-Rayleigh, then the support of f is M-convex.

Proof flow of Theorem 2.23
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c-Rayleigh and Lorentzian

Proposition 2.19. Any polynomial in L¢ is 2 (1 — %) —Ra}rleigh.He T Suler'e Wit

Proposition 2.24. Whenn < 2, all polynomials in L are 1-Rayleigh. When n = 3, we have

(all polynomials in L4 are r:s—Raj,fleigh) = cz= 2 (1 — é) .

In other words, for any n = 3 and any ¢ < 2(1 — é), there is f € L9 that is not c-Rayleigh.
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Agenda

* Generating polynomial of M-convex sets



\
Let f; = Zaa ~ Then: J&W'
Speaul Cacl — J<e0y" ‘93:3- w”

Theorem 3.10. The following are equivalent for any nonempty J = IN".

(1) There is a Lorentzian polynomial whose support is J.

(2) There is a homogeneous 2-Rayleigh polynomial whose support is J.

3) There is a homogeneous c-Rayleigh polynomial whose support is J for some ¢ = 0.
(4) The generating function f; is a Lorentzian polynomial.

(5) The generating function f; is a homogeneous 2-Rayleigh polynomial.

6) The generating function f; is a homogeneous c-Rayleigh polynomial for some ¢ = 0.
(7) J is M-convex. 1\.

When J  {0,1}", any one of the above conditions is equivalent to

(8) Jis the set of bases of a matroid on |n|.
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Significance

* Lorentzian polynomials have M-convex supports
* Generalized from real stable polynomials

* Generating polynomial of M-convex set is Lorentzian
* Generalized the result proved in log-concave-i [AOV ‘18]

* Conjecture 3.12: better constant than 2 for matroids?



Agenda

e CLC © Lorentzian



Equivalence of CLC and Lorentzian

* Now we have enough tools to prove:

Theorem 2.30. The following conditions are equivalent for any homogeneous polynomial f.
(1) fis completely log-concave.
(2) [ is strongly log-concave.

(3) f is Lorentzian.



Relating different Hessians

Proposition 2.33. The following are equivalent for any w € R" satistying f(w) = 0.
(1) The Hessian of f1/? is negative semidefinite at w.
(2) The Hessian of log f is negative semidefinite at w.

(3) The Hessian of f has exactly one positive eigenvalue at w.



SLLC = Lorentzian

e Let f € H? be SLC and nonzero

* Then, Hy«, has exactly one positive eigenvalue on RZ,
OB foend <otk

 This means f is c-Rayleigh, and so supp(f) is M-convex
Q@& T Laseens> D( Fﬁ)*%@é‘a\:)

* Base case satisfied, so Lorentzian



Lorentzian = CLC

* Let f € LE be nonzero
* Hodge-Riemann + Prop. 2.33 = f is log-concave on RZ,,
ot X CCAW)

e By last time, (3; a;0;)f € L& L fora; = 0

* This proves that partials of f are log-concave, so f is CLC



A Consequence

Corollary 2.32. The product of strongly log-concave homogeneous polynomials is strongly log-

concave.
d
Relly qelw
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Agenda

* Proof of Mason’s conjecture



Summary
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Some loose ends...

* Give an example of f € H? that is log-concave but not CLC
* What if we require f = f; for some ] € N"?
* What if we require f = f; for some J € {0,1}"?
 What if we require n = 2, i.e. that f be bivariate?
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Next time:

* Proof of Mason’s conjecture
* Preservers of Lorentzian polynomials



