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Recall

Last time, we have:

• Defined Lorentzian polynomial, and discussed different ways to 
define/understand the polynomial class

• Discussed its relations with other polynomial classes

• Briefly talked about the discrete side of things – via M-convexity

• Introduced a key property (Hodge-Riemann relation) of 𝐻𝑓

Today we will talk about more advanced topics :)



Bug fix



Today’s menu

• c-Rayleigh property

• Generating polynomial of M-convex sets

• CLC ⇔ Lorentzian

• Proof of Mason’s conjecture



Agenda

• c-Rayleigh property

• Generating polynomial of M-convex sets

• CLC ⇔ Lorentzian

• Proof of Mason’s conjecture



What is c-Rayleigh?

• Let 𝑓 ∈ ℝ 𝑤1, … , 𝑤𝑛
• coefficients nonnegative

• not necessarily homogeneous

• Given 𝑐 > 0, 𝑓 is c-Rayleigh if

𝜕𝛼𝑓 𝑤 ⋅ 𝜕𝛼+𝑒𝑖+𝑒𝑗𝑓 𝑤 ≤ 𝑐 ⋅ 𝜕𝛼+𝑒𝑖𝑓(𝑤) ⋅ 𝜕𝛼+𝑒𝑗𝑓(𝑤)

for any 𝛼 ∈ ℕ𝑛, 𝑖, 𝑗 ∈ 𝑛 ,𝑤 ∈ ℝ≥0
𝑛

• In other words, 𝜕𝛼𝑓 has some sort of negative dependence



Main goals

• Prove a relation between c-Rayleigh and M-convex

• Prove relations between c-Rayleigh and Lorentzian



Preservers of c-Rayleigh polynomials



Whiteboard



𝑀♮-convexity

• Recall M-convexity:

For any 𝛼, 𝛽 ∈ 𝐽 and 𝑖 ∈ [𝑛] s.t. 𝛼𝑖 > 𝛽𝑖 , there exists 𝑗 ∈ 𝑛 s.t.
𝛼𝑗 < 𝛽𝑗 and 𝛼 − 𝑒𝑖 + 𝑒𝑗 ∈ 𝐽

• 𝐽♮ ⊆ ℕ𝑛 is said to be 𝑀♮-convex if “𝐽 is obtained from an M-convex 
𝐽 ⊆ ℕ𝑛+1 by deleting one coordinate”



Key lemma

• Interval convex: If 𝛼, 𝛽 ∈ 𝐽 and 𝛼 ≤ 𝛾 ≤ 𝛽, then 𝛾 ∈ 𝐽



Whiteboard



Whiteboard



Whiteboard



Recap



Proof flow of Theorem 2.23



c-Rayleigh and Lorentzian



Whiteboard



Agenda

• c-Rayleigh property

• Generating polynomial of M-convex sets

• CLC ⇔ Lorentzian

• Proof of Mason’s conjecture



Let 𝑓𝐽 ≔ σ𝛼∈𝐽
𝑤𝛼

𝛼!
. Then:



Whiteboard



Whiteboard



Significance

• Lorentzian polynomials have M-convex supports
• Generalized from real stable polynomials

• Generating polynomial of M-convex set is Lorentzian
• Generalized the result proved in log-concave-i [AOV ‘18]

• Conjecture 3.12: better constant than 2 for matroids?



Agenda

• c-Rayleigh property

• Generating polynomial of M-convex sets

• CLC ⇔ Lorentzian

• Proof of Mason’s conjecture



Equivalence of CLC and Lorentzian

• Now we have enough tools to prove:



Relating different Hessians



SLC ⇒ Lorentzian

• Let 𝑓 ∈ 𝐻𝑛
𝑑 be SLC and nonzero

• Then, 𝐻𝜕𝛼𝑓 has exactly one positive eigenvalue on ℝ>0
𝑛

• This means 𝑓 is c-Rayleigh, and so 𝑠𝑢𝑝𝑝 𝑓 is M-convex

• Base case satisfied, so Lorentzian



Lorentzian ⇒ CLC

• Let 𝑓 ∈ 𝐿𝑛
𝑑 be nonzero

• Hodge-Riemann + Prop. 2.33 ⇒ 𝑓 is log-concave on ℝ>0
𝑛

• By last time, σ𝑖 𝑎𝑖𝜕𝑖 𝑓 ∈ 𝐿𝑛
𝑑−1 for 𝑎𝑖 ≥ 0

• This proves that partials of 𝑓 are log-concave, so 𝑓 is CLC



A Consequence



Agenda

• c-Rayleigh property

• Genrating polynomial of M-convex sets

• CLC ⇔ Lorentzian

• Proof of Mason’s conjecture



Summary



Some loose ends…

• Give an example of 𝑓 ∈ 𝐻𝑛
𝑑 that is log-concave but not CLC

• What if we require 𝑓 = 𝑓𝐽 for some 𝐽 ⊆ ℕ𝑛?

• What if we require 𝑓 = 𝑓𝐽 for some 𝐽 ⊆ {0,1}𝑛?

• What if we require 𝑛 = 2, i.e. that 𝑓 be bivariate?

• Are intersections of M-convex sets convex?

• How to prove that diagonalization preserves c-Rayleigh property?



Next time:

• Proof of Mason’s conjecture

• Preservers of Lorentzian polynomials


