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Agenda

• Generating polynomial 𝑔𝑀(𝑧) is CLC

• CLC distributions and entropy

• Max. entropy programs and basis counting



I. Generating polynomial 𝑔𝑀(𝑧) is CLC

• Chow ring, graded Möbius algebra, and polynomials

• From ∇2𝑔𝑀(𝑧) to ∇2(log 𝑔𝑀 𝑧 )



Known fact about Chow ring

• Given (simple) matroid 𝑀, on 𝐸 = [𝑛], rank 𝑟

• 𝔸∗ 𝑀 : Chow ring over the nonempty proper flats F of 𝑀

• It’s an algebra (≈ vector space + ring)

• Elements σ𝐹 𝑐𝐹𝑥𝐹 , 𝑐𝐹 ∈ ℝ, modulo two relations
• 𝑥𝐹1𝑥𝐹2 = 0 if 𝐹1, 𝐹2 incomparable

• σ𝑖∈𝐹 𝑥𝐹 = σ𝑗∈𝐹 𝑥𝐹 for 𝑖, 𝑗 ∈ 𝐸

• Graded using (homogeneous) degree of polynomial



The deg ⋅ map
Fact. There exists an isomorphism

𝑑𝑒𝑔:𝔸𝑟 𝑀 → ℝ

s.t. deg 𝑥𝐹1𝑥𝐹2 …𝑥𝐹𝑟 = 1 for any
(maximal) flag 𝐹1 ⊂ 𝐹2 ⊂ ⋯ ⊂ 𝐹𝑟

Elements σ𝐹 𝑐𝐹𝑥𝐹 , 𝑐𝐹 ∈ ℝ, modulo:
• 𝑥𝐹1𝑥𝐹2 = 0 if 𝐹1, 𝐹2 incomparable

• σ𝑖∈𝐹 𝑥𝐹 = σ𝑗∈𝐹 𝑥𝐹 for 𝑖, 𝑗 ∈ 𝐸



The deg ⋅ map
Fact. There exists an isomorphism

𝑑𝑒𝑔:𝔸𝑟 𝑀 → ℝ

s.t. deg 𝑥𝐹1𝑥𝐹2 …𝑥𝐹𝑟 = 1 for any
(maximal) flag 𝐹1 ⊂ 𝐹2 ⊂ ⋯ ⊂ 𝐹𝑟



Graded Möbius algebra

• 𝔹∗ 𝑀 : over flats 𝐹, modulo the relations
• 𝑦𝐹1𝑦𝐹2 − 𝑦𝐹1∨𝐹2 , for 𝑟𝑎𝑛𝑘 𝐹1 + 𝑟𝑎𝑛𝑘 𝐹2 = 𝑟𝑎𝑛𝑘 𝐹1 ∨ 𝐹2
• 𝑦𝐹1𝑦𝐹2 , for 𝑟𝑎𝑛𝑘 𝐹1 + 𝑟𝑎𝑛𝑘 𝐹2 > 𝑟𝑎𝑛𝑘 𝐹1 ∨ 𝐹2

• For any basis 𝐼 of a flat 𝐹, 𝑦𝐹 = ς𝑖∈𝐼 𝑦𝑖



Relating basis counting and Chow ring

• Turns out 𝔹∗ 𝑀 can be embedded into 𝔸∗ 𝑀0 !
• 𝑦𝑖 ↦ 𝛽𝑖 ≔ σ𝑖∈𝐹,0∉𝐹 𝑥𝐹 , extend naturally

• For basis 𝐵 of 𝑀,   ς𝑖∈𝐵 𝑦𝑖 = 1, so deg ς𝑖∈𝐵 𝛽𝑖 = 1 (up to scaling)

• For non-basis 𝐵 of size 𝑟, ς𝑖∈𝐵 𝑦𝑖 = 0

• Prop. 3.3. σ𝑖=1
𝑛 𝑣𝑖𝛽𝑖 corresponds to 𝜕𝑣

• Theorem 3.4. For any 𝑉 ∈ ℝ≥0
𝑛×𝑘 , 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian of 

𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆 has at most one positive eigenvalue.



From ∇2𝑔𝑀(𝑧) to ∇2(log 𝑔𝑀 𝑧 )

• Let 𝑀 be a simple matroid.

• Theorem 3.4. For any 𝑉 ∈ ℝ≥0
𝑛×𝑘 , 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian of 

𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆 has at most one positive eigenvalue.

Goal:

• For any 𝑉 ∈ ℝ≥0
𝑛×𝑘 , 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian of log 𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆

is negative semidefinite.



Whiteboard
Goal:

• For any 𝑉 ∈ ℝ≥0
𝑛×𝑘, 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian 

of log 𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆 is negative semidefinite.



Whiteboard
Goal:

• For any 𝑉 ∈ ℝ≥0
𝑛×𝑘, 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian 

of log 𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆 is negative semidefinite.



Whiteboard
Goal:

• For any 𝑉 ∈ ℝ≥0
𝑛×𝑘, 0 ≤ 𝑘 ≤ 𝑟 − 2, the Hessian 

of log 𝐷𝑉𝑔𝑀 𝑧 ȁ𝑧=𝜆 is negative semidefinite.



(Some) affine maps preserve CLC

• Let A ∈ ℝ≥0
𝑛×𝑚, 𝑏 ∈ ℝ≥0

𝑛 . If 𝑔 𝑧1, … , 𝑧𝑛 ∈ ℝ 𝑧1, … , 𝑧𝑛 is CLC, then 
𝑔 𝐴𝑧 + 𝑏 ∈ ℝ[𝑦1, … , 𝑦𝑚] is also CLC.



From simple matroids to general matroids



End of Part I



II. CLC distributions and entropy

• Approximation of 𝐻 𝜇 by σ𝑖𝐻 𝜇𝑖

• 𝑝 ∈ 𝑃𝑀 as a limit of 𝜆 ∗ 𝜇



Approximation of 𝐻 𝜇 by σ𝑖𝐻 𝜇𝑖

• Let 𝜇: 2 𝑛 → ℝ≥0

• Subadditivity of entropy -> 𝐻 𝜇 ≤ σ𝑖𝐻 𝜇𝑖

• Theorem 5.2. If 𝜇 is log-concave, then 𝐻 𝜇 ≥ σ𝑖 𝜇𝑖 log
1

𝜇𝑖
.



Whiteboard
• Theorem 5.2. If 𝜇 is log-concave, then 

𝐻 𝜇 ≥ σ𝑖 𝜇𝑖 log
1

𝜇𝑖
.



Whiteboard
• Theorem 5.2. If 𝜇 is log-concave, then 

𝐻 𝜇 ≥ σ𝑖 𝜇𝑖 log
1

𝜇𝑖
.



Consequences
• Corollary 5.7. 

max
1

2
σ𝑖𝐻 𝜇𝑖 , σ𝑖𝐻 𝜇𝑖 − 𝑟 ≤

𝐻 𝜇 ≤ σ𝑖𝐻 𝜇𝑖 for 𝜇: uniform 
distribution on bases of 𝑀



𝑝 ∈ 𝑃𝑀 as a limit of 𝜆 ∗ 𝜇

• 𝑃𝑀: matroid polytope, i.e. 𝑃𝑀 = 𝑐𝑜𝑛𝑣 1𝐵: 𝐵 ∈ 𝐵𝑀



End of Part II



III. Max. entropy programs and basis counting

• Counting 𝐵𝑀
• Counting ȁ𝐵𝑀 ∩ 𝐵𝑁ȁ



Counting 𝐵𝑀

• Let 𝜏 = max σ𝑖𝐻(𝑝𝑖) 𝑝 = 𝑝1, … , 𝑝𝑛 ∈ 𝑃𝑀).

• To estimate 𝐵𝑀 , output 𝛽 = 𝑒𝜏.

• Then, 𝛽 satisfies the following estimation guarantee:
max( 𝛽, 𝑒−𝑟𝛽) ≤ 𝐵𝑀 ≤ 𝛽

• This is the same as saying

max
𝜏

2
, 𝜏 − 𝑟 ≤ log 𝐵𝑀 ≤ 𝜏



Whiteboard
• Let 𝜏 = max σ𝑖𝐻(𝑝𝑖) 𝑝 = 𝑝1, … , 𝑝𝑛 ∈ 𝑃𝑀).

Then, max
𝜏

2
, 𝜏 − 𝑟 ≤ log 𝐵𝑀 ≤ 𝜏



Counting 𝐵𝑀 ∩ 𝐵𝑁

• Let 𝜏 = max σ𝑖𝐻(𝑝𝑖) 𝑝 = 𝑝1, … , 𝑝𝑛 ∈ 𝑃𝑀 ∩ 𝑃𝑁).

• To estimate 𝐵𝑀 ∩ 𝐵𝑁 , output 𝛽 = 𝑒𝜏.

• Then, 𝛽 satisfies the following estimation guarantee:
𝑒−𝑂(𝑟)𝛽 ≤ 𝐵𝑀 ∩ 𝐵𝑁 ≤ 𝛽

• This is the same as saying
𝜏 − 𝑂(𝑟) ≤ log 𝐵𝑀 ∩ 𝐵𝑁 ≤ 𝜏



Setup

• Consider the polynomial 𝑔 𝑦, 𝑧 ≔ 𝑔𝑀 𝑦 ⋅ 𝑔𝑁∗ 𝑧

• Then, ς𝑖 𝜕𝑦𝑖 + 𝜕𝑧𝑖 𝑔 𝑦, 𝑧 = ȁ𝐵𝑀 ∩ 𝐵𝑁ȁ

• Target is to lower-bound LHS



Statement of the main theorem



Implication



Implication (cont’d)



Base case (𝑛 = 1)

• Characterize log-concavity of 𝑔 𝑦, 𝑧 = 𝑎 + 𝑏𝑦 + 𝑐𝑧 + 𝑑𝑦𝑧
• Assume 𝑎, 𝑏, 𝑐, 𝑑 ≥ 0

• Prove that

𝜕𝑦 + 𝜕𝑧 𝑔 𝑦, 𝑧 ቚ
𝑦=𝑧=0

≥
𝑝𝑝 1 − 𝑝 1−𝑝

1 + 𝑝 1 − 𝑝
inf

𝑦,𝑧>0

𝑔(𝑦, 𝑧)

𝑦𝑝𝑧1−𝑝



Whiteboard
• Characterize log-concavity of 
𝑔 𝑦, 𝑧 = 𝑎 + 𝑏𝑦 + 𝑐𝑧 + 𝑑𝑦𝑧



Whiteboard
• Characterize log-concavity of 
𝑔 𝑦, 𝑧 = 𝑎 + 𝑏𝑦 + 𝑐𝑧 + 𝑑𝑦𝑧



Whiteboard
• Prove that

𝜕𝑦 + 𝜕𝑧 𝑔 𝑦, 𝑧 ቚ
𝑦=𝑧=0

≥
𝑝𝑝 1 − 𝑝 1−𝑝

1 + 𝑝 1 − 𝑝
inf

𝑦,𝑧>0

𝑔(𝑦, 𝑧)

𝑦𝑝𝑧1−𝑝



Whiteboard
• Prove that

𝜕𝑦 + 𝜕𝑧 𝑔 𝑦, 𝑧 ቚ
𝑦=𝑧=0

≥
𝑝𝑝 1 − 𝑝 1−𝑝

1 + 𝑝 1 − 𝑝
inf

𝑦,𝑧>0

𝑔(𝑦, 𝑧)

𝑦𝑝𝑧1−𝑝



Whiteboard
• Prove that

𝜕𝑦 + 𝜕𝑧 𝑔 𝑦, 𝑧 ቚ
𝑦=𝑧=0

≥
𝑝𝑝 1 − 𝑝 1−𝑝

1 + 𝑝 1 − 𝑝
inf

𝑦,𝑧>0

𝑔(𝑦, 𝑧)

𝑦𝑝𝑧1−𝑝



End of Part III


