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Agenda

* Generating polynomial g,,(z) is CLC
* CLC distributions and entropy

* Max. entropy programs and basis counting



[. Generating polynomial g,,(z) is CLC

* Chow ring, graded Mobius algebra, and polynomials
« From V?g,,(2) to V*(log gy (2))



Known fact about Chow ring

* Given (simple) matroid M, on E = [n], rankr
« A*(M): Chow ring over the nonempty proper flats F of M
* [t's an algebra (= vector space + ring)

 Elements ), crXxp, ¢ € R, modulo two relations
* Xp, X, = 01if F;, F, incomparable

° ZiEFxF — ZjeFxF fOI‘ l,] € E

* Graded using (homogeneous) degree of polynomial



Fact. There exists an isomorphism

deg:A"(M) - R
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Graded Mobius algebra

* B*(M): over flats F, modulo the relations
* V£, YE, — YF,VF, » for rank(F;) + rank(F,) = rank(F,; V F;)
* V£, YE,, for rank(F;) + rank(F;) > rank(Fy V F,)

* For any basis I ofaflat F, yp = [;c; yi



Relating basis counting and Chow ring

* Turns out B*(M) can be embedded into A*(M,)!

* Vi & Bi = Xier ogr Xp, €xtend naturally

* For basis Bof M, [l;cgpyi = 15?5?0 deg(]1;cg Bi) = 1 (up to scaling)
* For non-basis B of size 1, [|;cgy; = 0

* Prop. 3.3. ).;., v; B; corresponds to d,,

 Theorem 3.4. Forany V € R%X¥,0 < k < r — 2, the Hessian of
Dy gy (2)],=3 has at most one positive eigenvalue.



From V4 g,,(z) to V*(log g, (2))

* Let M be a simple mz}troid.

* Theorem 3.4. Forany V € IRQS"‘, 0 < k <r —2,the Hessian of
Dy gy (2)],=, has at most one positive eigenvalue.

Goal:

* Forany V € RIX¥,0 < k < r — 2, the Hessian of log Dy g, (2)| =1
is negative semidefinite.



Goal:
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Goal:

Whlteboard * ForanyV € IR{%R, 0 <k <r—2,the Hessian

of log D,y gy (2)|,=; is negative semidefinite.
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Goal:

Whlt@bOaI‘d * ForanyV € R%¥, 0 < k <r — 2, the Hessian
Consddor we i of log Dy gil(2)1,=, is negative semidefinite.
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(Some) affine maps preserve CLC

* Let A € RE™, b € RY,. If g(z4, ..., 2,) € R|zq, ..., 2,] is CLC, then
g(Az + b) € R|yy, ..., ¥4, ] is also CLC.
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From simple matroids to general matroids
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End of Part I



[I. CLC distributions and entropy

 Approximation of H(u) by >.; H(u;)
*p € Pyasalimitof A pu



Approximation of H(u) by ).; H(u;)

+ Let u: 2 = Ry, M= S Hs
* Subadditivity of entropy -> H(u) < ¥; H(u;)

* Theorem 5.2. If u is log-concave, then H(u) = ).; u; log (ul)



 Theorem 5.2. If i is log-concave, then
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 Theorem 5.2. If i is log-concave, then
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Consequences

* Corollary 5.7.

max (5 5 Hu) 5 HGu) —7) <

H(u) <, H(u) for (: uniform
distribution on bases of M
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p € Pyyasalimitof A * u
 P,,: matroid polytope, i.e. Py = conv(1z: B € By)

Lemma 5.8. Let M be a matroid on ground set [n] and let p be a point in Pys. Then there is a distribution
ji supported on By with marginals p, i.e., ji; = p;, such that both ji and fi* are completely log-concave.
Furthermore ji and ji* can be obtained as the limit of external fields applied to y and u*, where u is the
uniform distribution on Bp.



End of Part II



[II. Max. entropy programs and basis counting

 Counting |By|
* Counting |By, N By|



Counting |By|

* Let 7 = max(X; H(p)|p = (P1, .., Pn) € Pyy).
* To estimate |By|, output § = e”.
* Then, S satisfies the following estimation guarantee:
max(y/B,e"B) < |By| < B
* This is the same as saying
max (%,T — r) <log(|By|) <t
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Counting |By N By|  rewie- -

* Lett = maX(ZiH(pi)l P = (p1; ---:pn) € PM N PN)

* To estimate |By, N By|, output g = e”.

* Then, S satisfies the following estimation guarantee:
e B < |By NBy| <P

* This is the same as saying
T—0(r) <log(|ByNByl) <7



Setup Qi+ Gl

* Consider the polynomial g(y, z) == gy (y) - gn+(2)
* Then, (]1;(0y; +02,))g(y,2) = |By N By|
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Statement of the main theorem

Theorem 7.1. Let g € Ry, ..., A zp] be a completely log-concave multiaffine polynomial and
p € [0,1]". Then,

.. 8(y,z)
> . inf
> ¢(p) s

(ﬁ(ayf + 0, )) 8(y, z)

i=1 y=z=0

where ¢(p) is independent of the polynomial g, and is given by the following expression:
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Theorem 7.1. Let g € R[y1,...,Yn,21,...,2a] be a completely log-concave multiaffine polynomial and

. . p € [0,1]". Then,
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Base case (n = 1)

 Characterize log-concavity of g(v,z) = a + by + cz + dyz
e Assumea, b,c,d = 0

* Prove that
_ P - p)' 7P 9, z)

dy + 0 inf
( y‘l‘ Z)g(ylz) y=2=0 1+p(1_p)yz>0ypzl p



Whiteboard
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* Characterize log-concavity of

Whlteboard g(,z) =a+by+cz+dyz
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* Prove that
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* Prove that
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* Prove that
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End of Part III



